Stokes parameters are a standard tool in quantum optics. They involve averaged intensities at exits of polarizers. If the overall measured intensity fluctuates, as e.g. for states with undefined photon numbers, the instances of its increased value contribute more to the parameters. One can introduce normalized quantum Stokes operators. Operationally, for a given single run of the experiment, their values are differences of measured intensities (or photon numbers) at the two exits of a polarizer divided by their sum. Effects of intensity fluctuations are removed. Switching to normalized Stokes operators results in more sensitive entanglement conditions. We also show a general method of deriving an entanglement indicator for optical fields which use polarization correlations, which starts with any two-qubit entanglement witness. This allows to vastly expand the family of such indicators.
I. INTRODUCTION
In 1852 Stokes introduced his parameters to characterize polarization of arbitrary states of classical light. The quantum versions are straightforward application of his ideas. If one assumes for simplicity that the registered intensity is proportional to the number of photons, the usual quantum Stokes operators read: Σ 
We shall show that this is not always the optimal. At least for the examples presented below moving to normalized of Stokes observables allows one to detect entanglement in situations in which the traditional approach fails.
II. NORMALIZED STOKES OBSERVABLES
We assume the following measurement procedure defining the normalized Stokes observables. We have a sequence of light pluses, which are equivalently prepared.
When r-th pulse arrives at a detection station a, which consists of a two-output polarization analyzer and pair of detectors, one measures the photon numbers at each output, respectively N 
where N a (r) = N a i (r) + N a i⊥ (r)). Additionally, we postulate that whenever N a (r) = 0, we put S a i (r) = 0. We also introduce S a 0 as the frequency of runs in which N a (r) = 0. Note that operational meaning of the traditional approach is that we separately average, over all runs of the experiment, N (1), one can observe effects indicating entanglement much more clearly. For example, we shall formulate a modification of the widely used (necessary) separability condition of Ref. [1] :
where ... sep denotes an average over a separable state. We have a highly developed theory of entanglement of systems described by finite dimensional Hilbert spaces, see e.g. [2] . Still we search for entanglement conditions for infinite dimensional systems. We shall show that the notion of normalized Stokes operators allows us to reformulate any entanglement witness for two-qubits, like those in [2] , into entanglement indicators involving polarization measurements for quantum optical fields. Further generalizations are possible.
To the best of our knowledge the normalized Stokes observables used here cannot be found in the literature. E.g., a recent extensive discussion of proposals for degree of polarization of quantum fields [3] does not cover the ideas presented here. The unconventional definition of the degree of polarization of Luis [4] is based on different concepts and more involved measurement techniques.
Below, we shall use the number operatorn i = a † i a i as our model for intensity observable. However, obvious generalizations of our formalism to other models [5] exist.
III. MATHEMATICAL FORMULATION
In the quantum optical formalism the normalized Stokes observables read:
We explain notation below, while addressing the most important technical features of the formula. In order to avoid problems with vacuum components of states, which give zero in the denominator,Ŝ a i is formulated in such a way so that it acts only in the non-vacuum sector of the Fock space of photons: symbols Π a stand for projectorsÎ − |0, 0 aa 0, 0|, where |0, 0 a is the vacuum state of the two polarization modes of beam a satisfying a i |0, 0 a = a i⊥ |0, 0 a = 0. We also introduce Ŝ a 0 = Tr Π a ̺ , which is the probability of a nonvacuum event. For more mathematical properties of the modified Stokes operators see Appendix A.
The numerator in the definitions can be put as A † σ i A, where σ i is a Pauli matrix, and A † is a row matrix [a † H a † V ], while A is its "column Hermitian conjugate" involving the annihilation operators. Any Pauli operator is represented by m · σ, where m is a unit real vector, and σ is a 'vector' built out of three Pauli matrices: (σ 1 , σ 2 , σ 3 ). Thus the normalized Stokes operator for any elliptic polarization, associated with the vector m, reads:
Obviously, for all m, one has
is a Stokes vector built out of the three components Ŝ a i . The inequality holds for any unit m. By choosing the m which is parallel to ˆ S a , one gets an important property
Note that the definition (4), introduces operators of a completely different nature than the pseudo-spin ones [11] . The pseudo-spin operators have as their spectrum just ±1, while the normalized Stokes operators (4) have a spectrum, which covers all rational numbers between 1 and −1. E.g. the z component of pseudo-spin is (−1)n, wheren is the number of photons operator for the given mode. While one missing photon completely flips the value of the pseudo-spin, in the case of observables (4), for higher photon numbers, the value does not change much.
IV. BETTER ENTANGLEMENT CONDITIONS: EXAMPLE
We shall formulate an analog of the separability condition of Ref. [1] for normalized Stokes observables. As in Ref. [1] , as our example of an optical state shall consider the four mode squeezed vacuum
The 2n photon singlets in (6) are given by
where a and b refer to the two directions along which the photon pairs are emitted, H/V denote horizontal/vertical polarization, and Γ represents an amplification gain, which is proportional to the strength of the pump and the coupling. The state represents (strongly) driven type II parametric down conversion process [1, 7] .
A. Separability condition based on EPR correlations
An analogue of the separability condition of Ref. [1] , see inequality (3), for standard Stokes operators can be formulated by employing the intuition that for the two photon singlet, and also for four mode bright squeezed vacuum state (a generalized singlet, see e.g. [8] ) one has
This EPR condition can also be put in a more sophisticated form which is a reformulation of the condition given in Iskhakov et al. [9] , but we shall not discuss this here. We shall show below that for no separable state the expression (8) can be zero. One has
Recalling the well known formula for the usual Stokes operators (see e.g. Klyshko [6] ):
one can find its equivalent for the new Stokes operators
Therefore, the values of the first two terms of the RHS of (9) 
, where k = a, b. Using the above one gets
The following holds for any vectors:
This in turn is less than | s a (λ)| + | s b (λ)|, because the local normalized Stokes vectors in the expression cannot have norms larger than 1, see (5). Next we notice that | s k (λ)| ≤ s k0 (λ), and finally that
Thus, a necessary condition for a state to be separable reads:
B. Comparison with the earlier approach
In Appendix C we show that the condition (14) , in the case of noise modeled by photon losses (non-perfect efficiency of detection), detects the entanglement of |BSV better than the analogue condition (3), Ref. [1] . No matter what is the gain parameter Γ, the standard condition (3) fails to detect the entanglement in |BSV for η ≤ 1/3, see Bouwmeester and Simon [1] , while the new condition still works for lower efficiencies than 1/3. The actual threshold η(Γ) is a decreasing function of Γ, which is less than 1/3 for all Γ > 0.
This has interesting ramifications. The condition (14) allows the following. In theory, for perfect detection case, η = 1, one can beam-split both beams, a and b, in a polarization neutral way, by using three output polarizationneutral beam-splitters (tritters), of the property that they split the incoming beams into three beams of equal (average) intensities. If we now place at the exits of the local beam-splitters three polarization measurement stations, set to measure simultaneously three complementary polarizations (e.g. horizontal-vertical, diagonalantidiagonal, left-right circular), the conditions (3) would not be capable to detect entanglement of |BSV . However, condition (14) would still detect entanglement, because the pairs of identical polarization measurements devices, one at side a, the other at b, would give correlations as if we had an experiment without the tritter, but with detection efficiency η = 1/3. Thus while the old condition obeys the standard 'complementarity rule of thumb', the new one does not. Of course the reason, for circumventing the complementarity rule in the second case, is that in the case of |BSV we do not have defined photon numbers, and the state has components with arbitrarily high photon numbers, |ψ (n) The above remarks hold also for the singlets |ψ
themselves, for n ≥ 2. For states of fixed total photon number, like |ψ
− , and perfect detection, the two conditions are fully equivalent. However, surprisingly, if one introduces the detection losses, the condition (14) performs much better than (3). This is the more pronounced the higher is n. In the limit of n → ∞, the threshold efficiency for condition (14) approaches 0, while for (3) it stays put at 1/3 (see Appendix C).
V. CONSTRUCTING POLARIZATION ENTANGLEMENT INDICATORS FOR QUANTUM OPTICAL FIELDS
One can map entanglement conditions for qubits, for a review see 4×Horodecki [2] , into entanglement indicators for optical fields employing the new polarization parameters. We present this for two beam situations. Generalizations are obvious.
The map. Take an entanglement witness,Ŵ , or any other indicator of two qubit non-separability. Expand it in terms of local Pauli operators. This is always possible as Pauli observables form the basis in the linear space of all one-qubit observables. We getŴ = W (σ To illustrate this, let us take the condition for separability of two-qubit states derived by Yu et al. [10] . We choose this example because of its generality. The condition of Yu et al. is equivalent to the partial transposition condition (PPT), which is a sufficient and necessary separability condition for two qubit states. It reads 
for any choice of orthogonal directions x, y, z. This is mapped to
where we use the convention that i = x, y, z, As it cannot be for sure a necessary and sufficient condition for separability of the quantum optical states, we shall now give only the proof of its necessity (i.e., that a violation of this condition indicates entanglement). The inequality (15) holds also for any pure product state of two qubits. Thus the Bloch vectors of the two qubits, b a and b b must satisfy: Ineq. (19) can be used for the components of vectors s k (λ), and parameters s 0k (λ) introduced earlier, which are the Stokes-like parameters for product states of light in beams a and b, which enter the convex expansion of a given separable state into product states. We have 0 ≤ s a0 s b0 + s az s bz + cos α(s ax s bx + s ay s by ) + sin α(s az s b0 + s a0 s bz ),
where the symbols (λ) were dropped. After averaging over probability p λ , and using the Cauchy inequality for the terms with trigonometric functions one gets (16). QED.
With such a techniques one can derive necessary conditions for separability based on any other two-qubit entanglement criterion.
A. Separability conditions with standard quantum Stokes parameters
Note, that such conditions have their equivalents in the traditional approach to Stokes parameters. In such a case product states ρ k (λ) are endowed with Stokes vectors of arbitrary lengths. Let us denote their components by (16) and (22) Fig . 1 shows the strength of violation of the separability conditions (22) and (16) by the bright squeezed vacuum. Normalized Stokes observables outperform the traditional ones for all finite Γ. This signals a better noise tolerance (see Appendix B for detailed calculations). A different example, based on the approach presented here, less general and less sensitive to entanglement, but still beating its analogue expressed in terms of standard Stokes operations can be found in [12] .
VI. FINAL REMARKS
The redefined approach to polarization correlations of quantum states of light with undefined total photon number, allows us to see violations of separability, in experiments using polarization measurements, in situations in case of which more traditional approaches fail to detect entanglement.
The intuitive reason for this is that in the traditional approach the average total intensities are used to "normalize" the correlation function Σ a iΣ b j , while in our approach, we have a normalized polarization measurement in each run. We use averages of correlations of "polarization events" with normalized read-out values of the Stokes parameters. They are totally independent of the measured intensity (fluctuating from run to run). Photon's polarization is an observable which is independent of its momentum and energy, thus our re-normalization is in tune with this intuitive aspect.
Run-by-run measurements of total intensity and polarization parameters are possible and in fact performed in the labs [9] . Most importantly, measurements of nor- Our results show that one can detect entanglement of optical fields, using only polarization measurements, for a significantly broader families of states, than in the case of the traditional approach. In a separate work [13] we show that the method can be tailored in such a way, so that one can construct Bell inequalities for optical fields, based only on the assumptions of realism, locality and 'freedom'. Such (fully) device independent entanglement conditions are, surprisingly, violated by a wider class of states than standard Bell inequalities [14] involving intensities (and requiring additional assumptions).
The approach can be extended to multi-party situations, and beyond polarization measurements, see our eprints [15] and forthcoming manuscripts.
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The basic properties of the operators were explained in the main text. Here we show their other properties. Please notice that operators a † i a i and a † i⊥ a i⊥ as well aŝ N tot = a † i a i + a † i⊥ a i⊥ obviously all commute with each other. But so does the projector Π a =Î − |0, 0 aa 0, 0|, it commutes with all of them. The joint eigen-basis for all these self-adjoint operators is the Fock basis, with states |n i , n i⊥ a , where n i and n i⊥ are non-negative integers, with the notation defined by the eigenvalues
Thus, as all its constituents are self adjoint linear operators, so isŜ a i . Notice that as mixed states are described by density operators, which are also linear and self-adjoint, for any convex combination of any two such statesρ 1 andρ 2 , given by p 1ρ1 + p 2ρ2 , with p 1 and p 2 positive and p 1 +p 2 = 1, one has the usual algebraic property thatŜ
Therefore all the general results given in the main text (that is, the inequalities forming conditions for separability) apply both to pure and mixed states. We have chosen as our working example the pure bright squeezed vacuum state only because of its importance in quantum optics.
Appendix B: Bright squeezed vacuum
The (four-mode, bright) squeezed vacuum state is given by the following formula
where
The state is endowed with perfect EPR correlations, we have
for all values of Γ. The state is a result of action of type II parametric down conversion Hamiltonian, proportional to a †
H +h.c. on the initial state, which is vacuum in all modes. The gain parameter Γ depends on the pump power, interaction time (essentially, duration of the pump pulse), and the coupling.
For |BSV non-vanishing correlation tensor elements, defined by T 
Calculation technique
In the main text we compare the strength of separability conditions
in the case of losses (see the main text for explanation of the notation). We perform our calculations using the properties of the 2n photon singlets ψ n − , formula (B2), which are components of the bright squeezed vacuum state (B1). This is possible because of the following observation. The bright squeezed vacuum is a rotationally invariant state, and such are also all ψ n − . Therefore, for each ψ n − the three squares on the left hand sides of (B7), and also of (B8), will be equal to each other (in both old and new inequalities). Hence, when considering the left hand sides, it is enough to consider only a square of one component, e.g.
2 , and multiply the result it by three. This greatly simplifies the calculations. Further, as none of the operators used in (B7) and (B8) changes the total photon number the averages for these conditions can be calculated as a sum of averages for the component singlets ψ n − . Thus effectively we have e.g.
(
where C(n, Γ)are the expansion coefficients in the formula for the squeezed vacuum (B1) This also apples to the RHSs of the criteria, as all operators there do not change the total number of photons in each component of BSV, ψ n − . Similar remarks apply to calculations of the correlation tensor elements. 
It is easy to verify that condition (C2) is satisfied for any n, provided η ≤ The symbol δ k+l denotes the Kronecker delta, with its non-zero value for k + l = 0. The deltas have to be executed first. Their role is to remove any contribution of terms with no registered photons at each side. We have numerically found η saturating Ineq. (C5) for up to n = 100. The values for low n are given in Fig. 2 . The values of η crit for the ψ n − singlets follow the function η crit = 1 − ( 2 n+2 ) 1/n , at least up to n = 100. Note that this suggests that for n → ∞ the critical η approaches zero! Thus, as |BSV is a superposition of states ψ n − , the critical efficiency to detect entanglement with the condition involving new Stokes parameters is for all values of Γ less that 1/3, and decreases with growing Γ. Simply, for high Γ the terms with higher n's contribute more, this is because of the form of expansion coefficients: C(n, Γ) = √ n + 1
